We investigate the relation between a refined version of Leggett and Garg conditions for macrorealism, namely the no-signaling-in-time (NSIT) conditions, and the quantum mechanical notion of nondisturbance, and obtain a compatibility relation among an arbitrary number of observables based on their minimally disturbing sequential implementation. We show that all NSIT conditions are satisfied for any state preparation if and only if simple compatibility criteria on the state-update rules relative to the observables, i.e. quantum instruments, are met. Motivated by this connection, we prove some structural results on nondisturbance of two or more observables, such as the existence of noncommuting and two-way nondisturbing observables, and pairwise but not triplewise nondisturbing observables. Moreover, we discuss perspectives for a resource theory of quantum disturbance based on the notion of macrorealism by defining a general measure of disturbance and investigating which operations do not increase it.
I. INTRODUCTION
The notion of macrorealism can be traced back to the intuition that it must be possible to assign a definite value to a macroscopic variable, e.g. the position of the moon, at any time and that, in principle, one should be able to observe such a value with negligible disturbance. The paradigmatic example that is meant to show the counterintuitive treats appearing with the violation of such assumption is the famous thought experiment by Schrödinger, involving a cat in a macroscopic superposition of dead and alive. Leggett and Garg [1, 2] , with the goal of testing this principle in the laboratory, formalized the idea in terms of two assumptions: macrorealism per se and noninvasive measurability. They derived conditions that observed statistics generated according to such assumptions must satisfy. The results are the so-called Leggett-Garg inequalities (LGI), which, similarly to Bell inequalities [3] , are able to put at test quantum mechanics versus the predictions of macrorealist theories.
In contrast to Bell scenarios where laboratories are far apart, in a single system evolving in time signalling is possible in one direction, i.e., the direction of time flow. Connected with this fact, refinements of the original LGI have been proposed (cf., e.g., Refs. [4] [5] [6] [7] [8] [9] ) leading to the so-called no-signaling-in-time (NSIT) conditions, which are able to provide necessary and sufficient conditions for an observed probability distribution to admit a macrorealist model [9] , provided that the sequence of maximal lenght is measurable [10] . Formally, * All authors contributed equally.
† roope.uola@gmail.com ‡ giuseppe.vitagliano@oeaw.ac.at; costantino.budroni@oeaw.ac.at the NSIT conditions are defined in complete analogy with the traditional no-signalling conditions of the Bell scenario, i.e., for general sequences of arbitrary measurements. This formalization includes the case of a single observable evolving in time (in Heisenberg picture), which was the original scenario of Leggett and Garg. These conditions have a direct interpretation in terms of disturbance introduced by the measurement apparatus on the system. For the simple case of a single observable measured at two time steps, say Q(t 1 ) evolving into Q(t 2 ), the (only) NSIT condition is satisfied if by measuring Q(t 2 ) one cannot detect whether a measurement of Q(t 1 ) has been performed. In other words, the measurement of Q(t 1 ) is not able to "disturb" the statistics of Q(t 2 ).
From an experimental perspective, it is evident that the disturbance leading to a violation of NSIT may be classically explainable in terms of imperfections in the measurement apparatus. Thus, a major challenge opens in all practical Leggett-Garg tests, the clumsiness loophole [11] . Such a loophole cannot be completely closed due to practical, i.e., unavoidable imperfections, as well as fundamental reasons, e.g., the Heisenberg principle in its instance about the fundamental disturbance associated with measurements of incompatible observables (cf Ref. [12] ). Ways to elude the loophole have been proposed and implemented, which include special measurement implementations and additional tests involving different evolutions or different preparations [1, 11, [13] [14] [15] [16] [17] [18] [19] .
Several experiments have been performed showing the violation of LGI. A review of the first experimental tests can be found in Ref. [2] ; for more recent experimental tests, see, e.g., Refs. [16, 17, [19] [20] [21] [22] [23] [24] . In order to minimize the assumptions to be made in practical tests, it is important to separate the unavoidable experimental imperfections, i.e., the "clumsiness" associated with a specific experimental realization, from the fundamental limitations predicted by quantum mechanics for measurements of incompatible observables. We propose to attack this problem by converting the NSIT conditions into a compatibility relation between observables, similar to the notion of joint measurability [12, [25] [26] [27] , where we remove the dependence on state preparations and physical realizations of a measurement, by optimizing over them.
Our starting point will be the notion of nondisturbance for pairs of quantum observables introduced in Ref. [28] (see also Refs. [25, 27] ). Such a condition corresponds to the NSIT condition for a sequence of two measurements, when optimization over all states and instruments is performed. Following this analogy, we define nondisturbance conditions for arbitrary sequences of measurements. In particular, we will prove that if certain minimal subset of nondisturbance conditions is satisfied, then it is possible (by implementing a minimally disturbing instrument) to satisfy macrorealism with all state preparations. Contrarily, if one of such nondisturbance conditions is not satisfied, then there exists some state preparation for which the violation of macrorealism is witnessed with any possible implementation of the measurements.
Furthermore, we will investigate the structures that arise for multiplewise quantum nondisturbance and find that, analogously to the case of joint measurability, there exist sequences of observables that are triplewise incompatible (i.e., disturbing), while being pairwise compatible (i.e., nondisturbing) among all pairs. We also emphasize the difference with other notions of compatibility by pointing out, with an example elaborated from the results of [28] , that there exists noncommuting pairs of observables that are nevertheless nondisturbing in both directions. Finally, we consider possible quantifications of quantum disturbance from the perspective of a resource theory related to the violation of macrorealism.
The paper is organized as follows. In Sec. II, we review the basic notions associated with macrorealism and NSIT conditions. In Sec. III, we review the quantum notion of nondisturbance and related notions of incompatibility among quantum measurement. In Sec. IV, we connect the two notions and define the nondisturbance conditions for arbitrary sequences of measurements. In Sec. V, we investigate possible structures that can arise, such as two-way nondisturbing measurements and pairwise but not triplewise nondisturbing measurements. In Sec. VI, we discuss disturbance from a resource theoretical perspective. Finally in Sec. VII, we present the conclusions.
II. MACROREALISM AND NO-SIGNALLING IN TIME
Macrorealist theories are defined by two assumptions: macrorealism per se (MRps) and noninvasive measurability (NIM). Such assumptions provide conditions on the measurement outcome probabilities in a sequential measurement scenario. They can be cast as
• (MRps): It is possible to assign a definite value to Q(t) at any time t
The value of Q(t) can be measured with arbitrary small disturbance of its subsequent evolution.
The first condition implies that the distribution of Q(t) at different instants of time is given by a classical probability distribution, whereas the second one implies that we can find a nondisturbing measurement implementation, such that the probability distribution does not change as a consequence of our measurement procedure. Let us explain this with a simple example (depicted in Fig. 1) . Consider a single qubit in an initial state |Ψ and a sequence of two projective measurements Q(t 1 ) = σ z and its time evolved version Q(t 2 ) = exp(iπσ y )σ z exp(−iπσ y ) = σ x . Using the projection postulate, we can compute the joint probability of out-
where we indicated with {Π q σ z/x } q=±1 the projectors onto the eigenstates of σ z/x respectively. On the other hand, for a similar sequence in which the first measurement is not performed we have
For the initial state |Ψ = |1 z (an eigenstate of σ z ) we have p(q 2 ) = ∑ q 1 p(q 1 , q 2 ), i.e., we cannot detect whether a measurement of σ z was performed and the outcome discarded before the measurement of σ x . With this initial state macrorealism is satisfied. However, if we choose an eigenstate of σ x as the initial state, i.e.,
1/2 for both outcomes q 2 = ±1 while p(q 2 ) = δ q 2 1 . Hence, for the second choice of initial state (and for the same sequence) macrorealism is not satisfied when using the projection postulate. Note also that, even with the first choice of initial state |Ψ = |1 z , one can observe the violation of macrorealism by choosing a different (e.g. noisy) implementation of the first measurement. Alternatively, using the projection postulate followed by a measure-and-prepare channel (preparing always the state |1 x on every run) one can observe macrorealism even when the initial state is |1 x . We emphasize again that the notion of macrorealism is deeply connected with the choice of measurement implementations.
To simplify the discussion on the NSIT conditions, we fix some notation. We consider a probability distribution p(q 1 , . . . , q n |s 1 , . . . , s n ), where q i denotes the outcome at time t i and s i denotes the corresponding measurement setting. In this work, we restrict to the case of two measurement settings. We label the event "no measurement" as 0 (and a fixed outcome q = 0) and the event "measurement" as 1. On the one hand, this simplifies the notation and the discussion of nondisturbance conditions. On the other hand, our construction can be straightforwardly generalized to the case of an arbitrary number of measurement settings. Note, moreover, that the case of s = 0, 1 is closest to the original one introduced by Leggett and Garg. We write the above probability distribution more compactly as p(q 1→n |s 1→n ) by using the vectorial notation q 1→n = (q 1 , . . . , q n ) and s 1→n = (s 1 , . . . , s n ).
Consider a variable Q, representing a (macroscopic) physical quantity evolving in time. The NIM assumption implies that the marginals of the probability distribution of a whole sequence of measurements are independent of the measurement setting associated with the outcome we sum over. In particular, for a sequence of just two measurements and two settings (as in the ex-
, where the first equality is just a rephrasing of the fact that for the setting s 1 = 0 there is only one fixed outcome q 1 = 0.
For a sequence of three measurements MRps and NIM result in the following constraints:
where again we associate only the outcome 0 for setting s i = 0 (meaning "no measurement"). As in the case of two measurements (see Fig.1 and the related example), the above equalities imply that it is not possible to detect from the observed statistics whether a measurement has been performed, and the outcome discarded, at some point in the sequence. 
which correspond to constraints of no-signalling from the future to the past. These conditions, together with the positivity constraints p(q 1 , q 2 , q 3 |s 1 , s 2 , s 3 ) ≥ 0 define the so-called AoT polytope [9] . The intersection of (AoT) and (NSIT) gives the set of probabilities achievable in macrorealism (MR) [9] . In the example above we can already observe that some of the (NSIT) conditions become redundant when we take into account also (AoT). 
Proof.-Clearly the conditions in Eq. (5) Note that the NSIT and AoT conditions can be written equally well in the case of arbitrary sequences. The AoT conditions read
holding for all i, q 1→i = (q 1 , . . . , q i ) and s 1→i = (s 1 , . . . , s i ), where we also simplified the notation by not writing the zeros at the end of the sequences of q's and s's. The general NSIT conditions can be written as
holding for all i, q 1→n = (q 1 , . . . , q n ) and s 1→n = (s 1 , . . . , s n ), with (s i+1 , . . . , s n ) = (0, . . . , 0). Again, the idea is that we cannot detect whether a measurement has been performed, and its outcome discarded, at some point in the measurement sequence. Motivated by the Leggett-Garg analysis of macrorealism, we considered so far the case of a single physical quantity Q evolving in time. However, the above notions of NSIT and AoT need not to be restricted to such a case. For example, we could have several different measurements at each instant of time, which are not necessarily the time evolved versions of the previous ones. This possibility is still consistent with the notion of macrorealism and noninvasive measurability for multiple physical quantities, as well as with the notion of signalling in time. Moreover, the quantum notion of disturbance is naturally defined in terms of multiple observables rather than only one observable evolving in time. Thus, in the following section we will consider the general case, i.e., measurements not necessarily connected by time evolution, and translate the above conditions into a notion of nondisturbance for sequences of quantum measurements.
III. QUANTUM NONDISTURBANCE
General quantum observables are described by positive-operator valued measures (POVM), i.e., collections of operators E = {E x } x , such that E x ≥ 0 and ∑ x E x = 1 1, where 1 1 denotes the identity operator. Each element E x is associated to an outcome x, and the probability of this outcome in a state ρ is obtained from the Born rule
The above formula gives the probability of an outcome, but not the state transformation due to the measurement. In text books of quantum mechanics, state transformations are typically given through the Lüders' rule [29] , i.e., ρ → √
Such mapping is a special case of a more general set of transformations called quantum instruments. A quantum instrument associated with a POVM E is a collection of maps {I x E } x that satisfies I x E completely positive (CP),
where (I x E ) * denotes the adjoint of I x E , which maps observables into observables (Heisenberg picture) and Λ I E is the total channel corresponding to the sum of all instrument elements. Note that the correspondence between POVMs and possible instruments is one to many. For example, composing each I x E with a quantum channel E x (CPTP map) results in E x • I x E , which still satisfies Eq. (9) . Interestingly, all instrument associated with the POVM E are of this form [30] .
We can now recall the definition of quantum nondisturbance from Ref. [28] . A POVM A = {A x } x is said to be nondisturbing with respect to a POVM B = {B y } y , denoted by A 
The above condition can be written equivalently in the Heisenberg picture as
where we have again used the notation Λ *
In terms of probabilities, i.e., p(y|B) = tr ρB y and p(x, y|A, B) = tr I x A (ρ)B y , one sees that the above constraint is identical to an NSIT condition, e.g. Eq. (5c), for all possible state preparations ρ. If the nondisturbance condition (10) holds in both directions, i.e., A Nondisturbance comes with two special cases that we briefly review together with the basic results on the topic, see Refs. [25, 27, 28] . We call a measurement A of the first kind, whenever it is nondisturbing with respect to itself, i.e., A ND → A. If, furthermore, there exists an instrument {I x A } x associated to A such that
, where δ xy is the Kronecker symbol, A is called repeatable. Repeatable measurements are characterised as the POVMs whose each POVM element has an eigenvalue 1. Separate sufficient conditions for the first kind property are commutativity and repeatability. Commutativity is also necessary in the qubit case and in the case of rank-1 measurements.
In the case of two non-equal POVMs commutativity is again sufficient for nondisturbance (and also necessary in the qubit case and in the case of rank-1 POVMs) [28] . However, in this case there are also other notions of compatibility that relate to nondisturbance. We recall the definitions of incompatibility properties that are crucial for our analysis. Note that when at least one of the two POVMs is projective the above definitions of incompatibility are equivalent to each other and to nondisturbance. However, in the general case the concepts form a strict hierarchy: commutativity implies all the others and nondisturbance implies joint-measurability. To be more concrete, for commuting POVMs the Lüders rule gives a nondisturbing implementation. Moreover, nondisturbance between A and B (in one direction) implies jointmeasurability as any nondisturbing instrument implements a POVM, i.e. {(I x A ) * (B y )} xy = {G xy } xy , satisfying the requirements of a joint observable. The inverse implications are not true in general [28] .
Concerning specifically the notion of nondisturbance, the main difference to the other notions is that the measurement implementation (i.e. instrument) of (at least) one of the measurements is taken into account. As a consequence, deciding if a sequence is nondisturbing becomes somewhat cumbersome, especially for sequences longer than two measurements. In fact, efficient methods are available to check nondisturbance for the case of two measurements, (cf. [28] and the discussion in Sec. VI). However, in contrary to, for example, joint measurability, this is not known to be the case for more measurements.
IV. LEGGETT-GARG CONDITIONS AND QUANTUM NONDISTURBANCE
For NSIT conditions, the simplest scenario is given by a sequence of two measurements Q 1 and Q 2 , and two inputs s i = 0 and 1 corresponding, respectively, to "no measurement" and "measurement of Q i ". In this case we have only one NSIT condition, namely, q 2 |s 1 , s 2 ) . The above condition can be expressed in quantum theory by means of the Born rule as tr ρQ
where ρ is the state preparation and
is the total channel of an instrument associated to Q 1 . When optimizing over all states and instruments, the quantum expression of the NSIT condition becomes equivalent to the nondisturbance condition
For the case of three measurements in a sequence, the conditions on macrorealism can be mapped into three different NSIT conditions, i.e., Eqs. (5), for probabilities p(q 1 , q 2 , q 3 |s 1 , s 2 , s 3 ). Again, we are interested in properties of observables, hence, an optimization over all input states is performed. Moreover, in order to separate the clumsiness of a specific measurement implementation from the fundamental limitations on measurement disturbance predicted by quantum theory, we also perform an optimization over measurement implementations (i.e. instruments). The following observation, connecting the NSIT conditions with minimal nondisturbance requirements on quantum instruments, is the fundamental starting point of our construction. 
for all states ρ and all outcomes (y, z). We can express the above conditions in a compact form
for some instrument I Q 2 implementing Q 2 , which is the same in both sequences.
Proof.-Eqs. (13) 
(σ).
Notice that we require the instrument I Q 2 to be the same in both Eqs. (13a)(13b). Hence, if both conditions are satisfied, it is possible to implement Q 1 in a way that does not disturb a nondisturbing implementation of Q 2 → Q 3 . See also Fig. 2 for a pictorial representation.
A sequence of measurements which generalizes the example in Fig. 1 : General POVMs (Q 1 , Q 2 , Q 3 ) are considered instead of projective measurements; general quantum instruments I q j Q i are considered instead of the Lüders' rule; the two observables are not necessarily connected by time evolution. When optimization over initial preparations is performed, these two sequences form the minimal set of macrorealism conditions.
It is interesting to discuss the connection between such conditions and violations of Leggett-Garg inequalities (or NSIT conditions). Again, the first observation is that it is always possible to violate the NSIT conditions with a "clumsy" measurement, i.e., a disturbing implementation. Thus, we require optimization over instruments, amounting to remove such clumsiness from the measurement procedure (see also Sec. VI where we discuss a resource theory of the violation of NSIT). This, in fact, corresponds to reducing the disturbance to the minimum allowed by quantum mechanics for a given set of measurements. We refer to this quantity as the intrinsic disturbance of a sequence of measurements.
Another point worth discussing is the minimality of the conditions in Observation 1. Proof.-Choose a triple of POVMs such that Q 1 disturbs Q 2 , e.g. noncommuting projective measurements, and take Q 3 to be the coin flip POVM, i.e.,
Note that for triples of POVMs with no fixed ordering the conditions remain minimal. The proof of this fact is presented in Section V. Namely, we construct a triple of POVMs (Observation 4) that is pairwisely nondisturbing for all orderings, but does not satisfy Eq. (13a) for some ordering.
We are ready to generalize Observation 1 to arbitrary sequences.
Observation 2. Let us consider a sequence of n measurements described by POVMs Q 1 , . . . , Q n . These POVMs allow an implementation satisfying the NSIT conditions in Eq. (7) for any preparation if and only if:
Proof.-A detailed proof is presented in Appendix B.
Notice that the minimality argument in Remark 2 (for a fixed ordering), constructed with a pair a disturbing observables and a trivial one, can be easily generalized to the case of n measurements in Obs. 2, by using n − 2 trivial observables and two disturbing ones. In fact, trivial observables never disturb, and are never disturbed by, other observables. As a consequence, one obtains that Eq. (16) also provides a minimal set of conditions.
In the above observation an optimization over measurement implementations is once again performed, hence, isolating the essential property of the underlying measurements for violations of macrorealism. This is done for a given order of the measurements in the sequence. One could in principle check all orderings to see if given measurements (Q 1 , . . . , Q n ) violate the NSIT conditions. However, one can also ask if given measurement implementations I Q 1 , . . . , I Q n can cause nonmacrorealistic correlations when put into a sequence with no specific order. This question boils down to the following observation 
holds for all permutations (π (1) Proof.-A detailed proof is presented in Appendix B.
Having introduced all the necessary formalism, we briefly come back to observables connected by time evolution. It is clear that not all pairs of POVMs can be connected by time evolution. In fact, consider two POVMs Q and Q ′ , such that Q x has maximal eigenvalue λ and Q ′ x has maximal eigenvalue λ ′ > λ. Then, there is no channel Λ, i.e., a CPTP map, such that 
, ∀x, for some permutation π of the outcomes, i.e., by allowing as a possible operation also a relabeling of outcomes, and construct a similar example. Another simple example is given by the maximally mixed POVM {1 1/N . . . , 1 1/N}, which is always mapped onto itself due, again, to linearity and unitality of the adjoint channel. Furthermore, one can as how our non-disturbance conditions differ for the case of time-evolved observables. It turns out that macrorealism translates to slightly weaker constraints (see Appendix. A.).
V. STRUCTURE OF NONDISTURBANCE RELATIONS
In [28] the authors introduce noncommuting repeatable POVMs. As this construction is crucial for our discussion, we summarize it in the following. First, the dimension of the Hilbert space must be d = dimH ≥ 5. We see the space as a direct sum of a 3 -dimensional and a (d − 3)-dimensional subspace H 3 and H d−3 as H = H 3 ⊕ H d−3 . In H 3 we fix three orthogonal onedimensional projections P 1 , P 2 , P 3 , while in H d−3 we fix two noncommuting projections R 1 , R 2 . Then we define an observable A as
Since 1 is an eigenvalue for each POVM element of A, the measurement is repeatable and, in particular, it does not disturb itself. Moreover, the elements of A do not commute since [R 1 , R 2 ] = 0. We can slightly modify the above construction to make the second observable in the sequence not coinciding with the first, hence, showing that the difference between 2-way nondisturbance and noncommutativity is not only a special feature of repeatable (or first kind) measurement scenarios. 
In the other direction, we can simply take the instrument given by I 1 
Starting from this example, we will consider a sequence of 3 measurements and construct a hollow triangle of POVMs with respect to the nondisturbance relations, i.e., a triple of observables such that each pair is mutually nondisturbing, but still any instrument associated with the first (according to a specific order) must disturb any nondisturbing sequence of the other two observables. This is analogous to the hollow triangle of joint measurability introduced in Ref. [32, 33] . In particular, the second observable can be taken as
where the direct sum is w.r.t. the direct sum decomposition
Proof.-Let us consider A as in Eq. (18) . First, let us prove the case d = 5. The observable B commutes with A and, hence, the Lüders instrument is nondisturbing in both directions. Let us consider the POVM with elements E ij = B j A i B j = A i B j , that is obtained from the sequences (A → B) and (B → A) with the Lüders instrument. We have that E 11 , E 21 and E 31 are the three projectors P 1 ⊕ 0, P 2 ⊕ 0 and P 3 ⊕ 0. The other three POVM elements, E i2 , are given by 0 ⊕ R 1 /2, 0 ⊕ R 2 /2 and 0 ⊕ (1 1 3 − R 1 /2 − R 2 /2), respectively. Let us choose R 1 and R 2 as the two-dimensional projectors (1 1 + σ x )/2 and (1 1 + σ z )/2.
According to Proposition 3 in Ref. [28] , if E 2 ij ∈ span{E ij |(i, j)}, then A is nondisturbing w.r.t. to E, if and only if all their elements commute. Let us show that such operators belong to the span. The statement is trivial for E i1 since they are all projectors, and similarly for the case E 12 , E 22 , since also R 1 and R 2 are projectors. The only non trivial case is for E 32 , which amounts to show that
The only elements out of the span could be the product of σ x and σ z . However, since we are taking the square, such products will appear as σ x σ z + σ z σ x , which is zero.
Then A is nondisturbing w.r. The above is an example of a triple of POVMs that shows genuine triplewise nondisturbance in the sense that it satisfies Eq. (13b) for all orderings (and some instruments), but it violates Eq. (13a) for some ordering (and all instruments of the first measurement together with any non-disturbing instrument of the second measurement).
The above example requires the dimension of the Hilbert space to be at least d = 5 and two of the POVMs to be equal. The following example circumvents these limitations. However, one should note that not all of the pairs are anymore two-way nondisturbing. The example is minimal in the sense that it uses a qutrit (in qubit hollow triangles don't exist because nondisturbance is equivalent to commutativity) and binary measurements. Proof.-The proof makes use of the construction in [28] , exploiting Remark 2 of [34] . Let us consider the nilpotent channel Λ that maps a 3 × 3 matrix a ij into diag(a 11 , a 22 , (a 11 + a 22 )/2). This channel is such that Λ(Λ(X)) = Λ(X) for all 3 × 3 matrices X. A decompo-sition of Λ into Kraus operators is given by
Observation 5. Consider the following triple (A, B, C) of POVMs
The POVM elements of C are constructed as C 1 = Λ(
, where P 1 = diag(1, 0, 0) and P 2 = diag(0, 1, 0) are the projectors onto the first two computational basis elements. The POVM elements of A are constructed as A i = I * i (1 1)
Thus, we have that ∑ j I * 1 (·) = Λ and therefore A does not disturb C by construction. The rest of pairwise nondisturbance relations follow from commutativity.
However, A must disturb E := I * B C. This can be seen as follows: we have that the POVM elements {E ij } span the whole subspace of 3 × 3 diagonal matrices. Therefore we have E 2 ij ∈ span{E ij } for all (i, j). This implies that A ND → E if and only if A and E commute, which is not the case. Finally, since B is a PVM, the Lüders instrument gives the unique joint measurement of B and C (cf. Proposition 8 in Ref. [32] ) and, hence, any other nondisturbing implementation (if existing) would give the same sequential POVM (i.e. the joint measurement). Also, the fact that C must disturb A follows from A 2 x ∈ span{A x } for all x and the fact that A and C do not commute. In particular, since A 2 is proportional to a projector and such that, e.g., [C 1 , A 2 ] = 0, then it must be disturbed by every instrument implementing C. Finally, it can be easily checked via explicit calculation that the sequence B → A → C is nondisturbing. It is sufficient to consider as a sequential nondisturbing measurement for A → C the one given by the instru-
, then, commutes with B k for any i, j, k, providing a nondisturbing measurement for the sequence B → A → C. As a further consequence, the triple (A, B, C) is also jointly measurable .
VI. RESOURCE PERSPECTIVE ON DISTURBANCE
In this section, we will discuss a possible measure quantifying the amount of intrinsic disturbance associated with a set of POVMs and a set of operations that are not able to increase such a measure. This investigation can be seen as a preliminary work towards a resource theory of intrinsic quantum disturbance. It is known that notions of measurement incompatibility are related to different nonclassical properties of quantum systems such as nonlocality [35] and steering [36] [37] [38] and consequently to the associated quantum information applications, such as, e.g., quantum key distribution [39, 40] . Similarly, the notion of disturbance is related to the violation of conditions, such as LeggettGarg inequalities and NSIT conditions, connected to the classical notion of macrorealism. It is less clear, however, how nondisturbance can be interpreted as a resource and what could be the associated quantum information processing tasks. Nevertheless, it is still interesting to explore possible quantification of disturbance and the operations that do not increase such a quantity. We will call them "free processes" or "free operations" following the terminology of resource theories (see, e.g., Ref. [41] ).
We propose to base a measure of nondisturbance on the general nondisturbance conditions in Eq. (16) and on a formerly presented measure for pairs of observables [28] . Here, we modify the measure of Ref. [28] by summing over the disturbances on single POVM elements rather than picking the maximally disturbed element. The modification results in classical postprocessing being a free operation.
Given the hierarchical structure of nondisturbance conditions, let us start by considering the simplest scenario of a sequence of two measurements. For two POVMs A and B and fixed instrument I A we write
where X = sup ρ |tr [ρX] | is a matrix norm, i.e., the maximal eigenvalue (in absolute value) of a Hermitian operator X, and Λ * I A := (∑ x I x A ) * . The corresponding disturbance measure can be written as the infimum over all instruments implementing A as
For the case of finite dimensional Hilbert spaces, and analogously to Ref. [28] , such a measure can be cast as a semidefinite program. This is accomplished by using the Choi-Jamiołkowski isomorphism [42, 43] , namely,
where |Ω is the (unnormalized) maximally entangled state |Ω = ∑ i |ii , the transposition t is taken w.r.t.
the {|ij } ij basis, and Id represents the identity channel. Using that the norm of an Hermitian operator X can be written as X = min{λ | − λ1 1 ≤ X ≤ λ1 1}, we can formulate D A (B) as the following SDP:
In a sequence of two measurements Q 1 and Q 2 with no fixed order, one can define a symmetrized version of the measure, i.e., we define a measure of violation of macrorealism as
Instead of explicitly writing the measure of disturbance and the measure of violation of macrorealism for arbitrary sequences, we focus explicitly only on the case of three measurements (as the idea of how to generalize the measure to longer sequences becomes evident already from this case). For this scenario macrorealism is associated to the conditions in Eq. (13a) and Eq. (13b). Hence, we write the measure of violation of macrorealism as
where the infimum is taken over the instruments implementing the corresponding POVMs, the sum is over all possible ordering of measurements, i.e., permutations of (1, 2, 3), and we have denoted (30) can be straightforwardly generalized to arbitrary sequences, by using conditions in Eq. (16) . Contrary to the case of two measurements, in the case of three (or more) measurements the evaluation of the measures does not seem like an SDP anymore. Nevertheless, one can still try to perform some numerical optimization using SDP. In fact, the function we want to minimize is linear in each argument I Q i (or, more precisely, in its Choi matrices {M q i Q i } q i ), whenever the other instruments are kept fixed. This gives an SDP analogous to that of Eq. (26) . The so-called see-saw method, then, consists in iterating the maximization over each argument {M q i Q i } q i , keeping at each step the found optimal solution. Even though the convergence to the optimal solution cannot be guaranteed, this method has been widely applied to problems in nonlocality and steering [44] [45] [46] [47] .
In order to build a resource theory associated to the intrinsic disturbance or the violation of macrorealism one needs to define the free resources and free operations. Free resources are naturally identified with sequences of POVMs that are nondisturbing according to the measure in Eq. (30) (and its generalizations to arbitrary sequences), i.e., they always admit a physical implementation that does not provide violation of macrorealism for any possible state preparation.
To search for free operations, we choose to focus on the case of macrorealism. Free operations are then operations on the POVMs that do not increase the measure MR(Q 1 , . . . , Q n ). For example, classical post-processing of any single POVM is a free operation (see Appendix C for further details). Here, a post-processed version of a POVM A is defined through the POVM elements
is a probability distribution for every a ′ . More interestingly, one could ask if there are quantum operations that do not increase the measure. Quantum operations are here described as channels and the output POVMs are defined asÃ = E * (A) with POVM elements A x = E * (A x ). A simple example of a channel that is a free operation is the depolarizing channel, i.e., E * dep (Q 
VII. DISCUSSION AND OUTLOOK
Leggett and Garg's notion of macrorealism, and in particular the NSIT conditions, naturally encode the notion of disturbance among measurements performed in a sequence. In particular, a fundamental problem for loophole-free Leggett-Garg tests is to remove possible explanations in terms of "clumsiness" of the measurement [11] . The disturbance associated with quantum measurements has two components: one associated with the clumsiness of the experiment, i.e., the experimental imperfections and practical limitations, and one associated with the fundamental limitations for joint measurements of incompatible observables, such as Heisenberg uncertainty relations.
In the present paper, we investigated a notion of compatibility arising from a combination of the NSIT macrorealism conditions and the notion of minimal clumsiness implementation of a quantum measurement. In particular, we showed how the NSIT conditions reformulated in terms of measurement distur-bance can be reduced to a minimal set. In addition, we proved structural results on nondisturbance among two or more observables, namely, the existence of two-way nondisturbing but noncommuting observables, and the existence of pairwise but not triplewise nondisturbing measurements. Finally, we investigated a possible resource theory of intrinsic disturbance by defining a disturbance measure and a measure of violation of macrorealism, and investigating the operations that do not increase them.
In the spatial scenario, the notion of incompatibility among observables has been proven to be at the basis of quantum phenomena such as nonlocality [35] and steering [36] [37] [38] , which, in turn, are at the basis of quantum information theoretic tasks such quantum key distribution [39, 40] . The temporal analogue, however, is less explored, both from the perspective of notions of incompatibility and quantum information theoretic tasks. A closely related notion, namely quantum contextuality [48] [49] [50] [51] , has been recently investigated from the perspective of resource theories [52, 53] and memory cost of simulation via temporal correlations [54, 55] . Similarly to the spatial scenario, the investigation of contextuality is also motivated by possible quantum information applications such as, e.g., quantum computation [56] [57] [58] [59] [60] . Moreover, the connection between some notions of temporal correlations and informationtheoretic tasks has been investigated via several different approaches [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] , but not in relation with the notion of incompatibility. We hope our work will stimulate the investigation of the relation between measurement incompatibility and quantum information tasks in the temporal scenario. 
|ρ ∈ S, x}. Note that here again (i) includes the assumption that the instrument I Q 2 fulfills (ii).
Proof. Assume that the nondisturbance conditions hold. The observed three point probability distribution reads
For this scenario there are three NSIT conditions to be checked. As the first measurement does not disturb the sequential measurement of the second and the third measurement one gets the first NSIT condition
Using that the second measurement does not disturb the third measurement on the set {
|ρ ∈ S, x} of states we get the second condition
The last NSIT condition follows directly from the fact that the second measurement does not disturb the third one on the set {Λ t 1 →t 2 (ρ)|ρ ∈ S} of states.
For the other direction of the proof, one can show that the violation of either one of the nondisturbance conditions leads to the violation of the NSIT conditions. First, assume that the second measurement disturbs the third for some state in the set {Λ t 1 →t 2 (ρ)|ρ ∈ S}. By writing
one sees that the third NSIT condition does not hold for some ρ ∈ S and some z. Second, assume that the second measurement is disturbing the third one for some state in the set
for some ρ ∈ S and some x, z. Finally, for the case of the first measurement disturbing the sequential measurement of the second and the third measurement we check the first NSIT condition
for some ρ ∈ S and some y, z.
The time-dependent version of Observation 1 follows directly: the above lemma is formulated for a limited set of states. When applied to the whole state space, one sees that { The opposite direction, i.e., that the conditions in Eq. (16) are enough to imply all NSIT conditions for all state preparations, can be obtained by induction on the length of the sequence, following the idea of the proof of Obs. 1. By Obs. 1, we know that the statement holds for the case n = 3. The inductive step will be to prove that if the statement holds for sequences of length n − 1, then it holds for sequences of length n.
Thus, let us consider a sequence of n POVMs Q 1 , . . . , Q n with instruments I Q 1 . . . I Q n and let us assume that 
are equivalent to the NSIT condition (7) for the subsequence Q 2 → Q 3 → . . . Q n .
Add an additional measurement Q 1 in the beginning of the sequence might introduce disturbance at any point in the sequence. For the inductive step, we need to prove that Eq. (B1) together with the new condition
imply that the n-term NSIT conditions are satisfied for any state ρ, namely, • I
Hence, noting that the NSIT conditions do not depend on the normalisation of I . . . Q n appearing in Eq. (B1) and with the above reasoning on the sub-normalised As another example of a free operation, let us first consider a quantum channel applied to one POVM in a sequence of two measurements. Define Q 1 = E * (Q 1 ) with elements Q x 1 = E * (Q x 1 ). Note that we can compose the channel E with any instrument I Q i of Q i and obtain another instrument I ′ 
and thus we have D Q 1 (Q 2 ) ≤ D Q 1 (Q 2 ) since |α| ≤ 1. This argument can be extended to arbitrary sequences of POVMs. Let us consider now a sequence of three POVMs, with a fixed ordering Q 1 → Q 2 → Q 3 . If the depolarizing channel is applied to Q 1 or Q 3 , the reasoning is identical to the case of two measurements above. Let us then discuss the case of a depolarizing channel applied to Q 2 and define Q We can then write the disturbance quantifier for this fixed sequence as the infimum over I Q 1 , I Q 2 of the expression
By substituting the definition of Q 2 , I Q 2 , we have
